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We study the relation between exactly marginal deformations in a large class of N = 1
superconformal quiver gauge theories described by brane tilings and the degrees of freedom in
the corresponding 5-brane systems. We show, with the help of NSVZ exact β functions, that
there are generically d− 1 complex exactly marginal deformations of a gauge theory, where
d is the perimeter of the corresponding toric diagram. We identify d − 3 complex marginal
deformations as deformations of the brane system and the Wilson lines on it, and the other
two, the diagonal gauge coupling and a β-like deformation, as background supergravity fields.
§1. Introduction
Brane tilings1)–15) are useful tools to describe a large class of N = 1 superconfor-
mal quiver gauge theories. They are simply bipartite graphs (i.e., graphs consisting
of two kinds of vertices, usually colored black and white, and links connecting ver-
tices of different colors) on tori. Bipartite graphs are dual to quiver diagrams on
tori (known as periodic quiver diagrams). Specifically, the faces (resp., edges) in
a brane tiling correspond to the SU(N) gauge groups (resp., bi-fundamental chiral
multiplets) of the corresponding quiver gauge theory.
Brane tilings have several advantages over conventional quiver diagrams. For
example, they clarify the relation between quiver gauge theories and the geometric
structure of the three-dimensional toric Calabi-Yau cones, as there is a simple method
to obtain toric diagrams, which encode all the geometric information of the cones,
from bipartite graphs.1), 2) Conversely, given a toric diagram, we can construct the
brane tiling,4) which in turn gives us the quiver and the superpotential (up to some
ambiguities which are conjectured4), 16) to be nothing but the Seiberg duality17)).
The validity of these methods has been confirmed in numerous examples, and some
parts of them have been rigorously proved valid.6), 18)
For the reasons given above, we can regard brane tilings as bridges between
geometries and gauge theories, and they are useful for studying Calabi-Yau geometry
itself.5) For example, in Refs. 18)–20) it was shown that brane tilings are useful in
proving a version of mirror symmetry known as the homological mirror symmetry.
Another virtue of brane tilings is that they actually represent physical brane
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systems. Although originally introduced as technical tools in combinatorics, their
physical meaning was subsequently clarified in Ref. 5). Explicitly, we can regard
brane tilings as physical D5/NS5-brane systems on which the quiver gauge theories
are defined. The faces are then interpreted as stacks of D5-branes, and the links are
interpreted as the intersections of the D5-branes with NS5-branes.
Some works have been motivated by this understanding. For example, in Ref. 21)
it is shown that the cancellation conditions of gauge and U(1)B anomalies are repro-
duced as boundary conditions imposed on fields on branes at the intersections of the
D5-branes and NS5-branes. We can also reproduce ’t Hooft anomalies as anomaly
inflows in D5-NS5 systems.22) For these analyses, only the topological structure of
the brane systems is relevant, and we do not have to consider the actual shapes of
branes which satisfy equations of motion.
It is natural to ask to what extent we can derive the properties of gauge theories
from brane tilings treated as representing real brane systems, rather than just as a
combinatorial and topological tool.
If we take account of the equations of motion, or the equivalent BPS conditions,
we can no longer use bipartite graphs constructed on flat tori as the real shapes of
brane configurations. The D5-brane worldvolume on which a diagram is constructed
is bent by the tension of the NS5-branes, and its shape is determined by the equa-
tions of motion. Furthermore, the bipartite graphs do not even give the topological
structure of brane systems. In bipartite graphs, all faces are regarded as stacks of
D5-branes. In brane systems, by contrast, in addition to pure D5-branes and NS5-
branes, bound states of D5-branes and NS5-branes appear, and so we have a brane
system consisting of more than two types of branes.
The problems which we address in this paper are to determine the number of
parameters possessed by the brane configurations and the correspondence between
these parameters and those in gauge theories.
We first investigate exactly marginal deformations of quiver gauge theories in
§2. This is done by analyzing β-functions for gauge couplings and superpotential
couplings. The analysis of brane systems is carried out in §3. For the purpose of
constructing gauge theories, we need to take the decoupling limit, with gstr → 0,
to decouple unwanted modes. In this limit, the NS5-brane worldvolume becomes a
holomorphic curve in (C∗)2 and is described by a Newton polynomial. The D5-brane
worldvolumes are disks whose boundaries are on the holomorphic curve. We show
that the BPS conditions for D5-branes impose some conditions on the coefficients
in the Newton polynomial. We determine the dimensions of parameter spaces for
brane systems. In simple examples, we can solve the BPS conditions and explicitly
derive the constraints imposed on the coefficients. It is, however, difficult to solve
the BPS conditions in general cases.
We also analyze the brane system in the opposite limit, gstr →∞. Even though
the relation to the gauge theories in this limit is not clear, the shape of the brane
configuration becomes quite simple, and we can solve the BPS conditions for general
tilings.
The results of the gauge theory analysis and brane analysis are compared in §4,
and we propose a correspondence between the sets of deformation parameters in the
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Table I. The brane configuration corresponding to brane tilings. The directions 5 and 7 are com-
pactified, and Σ is a two-dimensional surface in 4567 space.
0 1 2 3 4 5 6 7 8 9
NS5 ◦ ◦ ◦ ◦ Σ
D5 ◦ ◦ ◦ ◦ ◦ ◦
two cases.
In the rest of this section, we briefly explain the method for constructing the
brane configurations. The relation between gauge theories and the topological struc-
tures of brane configurations is quite useful, even for analysis carried out in gauge
theories.
Let us consider ten-dimensional spacetime with two directions, x5 and x7, com-
pactified on T2. We start the construction with a stack of N D5-branes wrapped
on this T2 (see Table I). If T2 is sufficiently small and the Kaluza-Klein modes
decouple, we have four-dimensional N = 4 SU(N) super Yang-Mills theory on the
D5-branes. (We ignore the diagonal U(1) here. However, we note that it plays an
important role when we consider baryonic U(1) global symmetries.21), 22)) In terms
of N = 1 multiplets, this theory consists of an SU(N) vector multiplet and three
adjoint chiral multiplets.
For the purpose of obtaining multiple SU(N), we divide this worldvolume into
faces by attaching NS5-branes wrapped on 1-cycles in T2. Let d be the number of
NS5-branes. We label them as µ = 1, . . . , d and denote by αµ the cycle on which
the µ-th NS5-brane is wrapped. In 4567 space, their worldvolumes are semi-infinite
cylinders with boundaries αµ on the D5-brane worldvolume. At the boundaries, the
NS5 charge flows into or out of T2, and the NS5 charge on T2 jumps by ±1 on the
cycles. As a result, T2 is no longer contains only D5-branes but now also contains
(N, k)-branes, the bound states of N D5-branes and k NS5-branes.
There may in general exist faces with |k| ≥ 2, and in §3.4 we actually find that
in strong coupling limit, gstr →∞, there is an example with such faces. In the weak
coupling limit, however, we never have such faces, because the NS5-brane is wrapped
on a holomorphic cycle, as discussed below. Thus, in this case, we have (N, 0) and
(N,±1)-branes.
The boundaries of NS5-branes divide T2 into many faces. This partition changes
the gauge group and the matter content. Because the SU(N) gauge fields can
exist only on (N, 0)-branes, we have one SU(N) gauge group for each (N, 0) face.
The three adjoint chiral multiplets we had at the beginning disappear, because the
attached NS5-branes fix the position of the D5-branes. Instead, we have new chiral
multiplets at the intersections of cycles at which two (N, 0) faces contact each other.
A bi-fundamental chiral multiplet arises at each intersection as massless modes of
open strings ending on these two faces. As a result, we obtain N = 1 quiver gauge
theories.
When the NS5 charges of all faces are 0 or ±1, we obtain a bipartite graph
from the partition by replacing the (N,+1) and (N,−1) faces by black and white
vertices, respectively, and connecting them by links according to adjacency of the
4 Y. Imamura, H. Isono, K. Kimura and M. Yamazaki
Fig. 1. An example of a partition of the D5 worldvolume (a) and the corresponding toric diagram
(b).
faces. Conversely, we can also easily obtain the partition of a torus from a bipartite
graph.4) In the literature, brane tilings are usually described by bipartite graphs
instead of the partitions mentioned above. In this paper, however, we use the term
“brane tilings” to refer to the partitions of tori into (N, 0) and (N,±1) faces.
Figure 1 (a) depicts an example of the partition with the corresponding bi-
partite graph superposed. The five NS5 boundaries, α, β, γ, δ and ǫ, divide the
torus into seven faces. The three white faces are (N, 0)-branes and give the gauge
group SU(N)3. The two light and two dark shaded faces are (N,−1)-branes and
(N, 1)-branes, respectively. We have seven chiral multiplets, corresponding to seven
intersections of cycles.
The cycles in the tiling can be identified with the normal vectors of edges in the
toric diagram of the dual Calabi-Yau geometry [(b) in Fig. 1]. In this example, the
geometry described by the toric diagram (b) in Fig. 1 is the suspended pinch point
(SPP).
§2. Exactly marginal deformations
In this section, we study exactly marginal deformations of gauge theories de-
scribed by brane tilings, along the lines of Ref. 23). Even though the analysis in this
section is field theoretical, and we do not use information from string theory, brane
tilings are still useful as diagrams representing the structure of gauge theories.
In this paper, we only consider a superpotential of the form
W =
∑
k
±hk tr
∏
I∈k
ΦI , (2.1)
where k and I label (N,±1) faces in the brane tiling and intersections of cycles, re-
spectively. The signature is chosen according to the NS5 charge of the corresponding
face. The coefficients hk are coupling constants, and ΦI is the bi-fundamental field
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corresponding to the intersection I. The expression I ∈ k means that I is one of
the corners of the face k. In the following, we use k to label (N,±1) faces, while a
is used for (N, 0) faces. When we use the indices A, B, . . ., they run over all the
faces. In general, additional “accidentally marginal” operators may appear in the
superpotential, and we may have more degrees of freedom of an exactly marginal
deformation. In this paper, however, we consider only operators appearing in the
superpotential (2.1), which exist generically.
For example, we obtain three complex parameters in the analysis below for the
conifold theory. It is known, however, that there are five complex parameters in the
theory.26) We do not discuss this point.
The parameters in a gauge theory include gauge coupling constants for SU(N)
gauge groups and the coefficients in the superpotential. Conformal fixed points are
defined by the vanishing of the beta functions for these parameters. Let ga be the
gauge coupling of the gauge group SU(N)a associated with the (N, 0) face a. The
beta function for ga is related to the anomalous dimensions γI of the bi-fundamental
fields ΦI by the NSVZ exact beta-function formula
24)
βa ≡ µ
d
dµ
1
g2a
=
N
1− g2aN/8π
2
[
3−
1
2
∑
I∈a
(1− γI)
]
, (2.2)
where the summation is taken over the fields coupled to the gauge group SU(N)a.
Because the conformal dimension of the field ΦI is 1 + (1/2)γI , the beta-function of
the coefficient hk in (2.1) is given by
βk ≡ µ
d
dµ
hk = −hk
[
3−
∑
I∈k
(
1 +
1
2
γI
)]
. (2.3)
In order for the theory to be scale independent, the above beta functions (2.2) and
(2.3) must vanish:
βa = βk = 0. (2.4)
This equation defines the parameter space of the conformal field theory.
Because the number of couplings ga and hk is the same as the number of condi-
tions (2.4), in generic situations without supersymmetry, we have isolated IR fixed
points. In the supersymmetric case, however, both the gauge and superpotential
couplings (2.2) and (2.3) are given in terms of the anomalous dimensions γI , and
there may be identically vanishing linear combinations of these β-functions of the
form
β[SA] ≡
∑
a
Sa
1
N
β′a −
∑
k
Sk
βk
hk
=
∑
a
Sa
[
3−
1
2
∑
I∈a
(1− γI)
]
+
∑
k
Sk
[
3−
∑
I∈k
(
1 +
1
2
γI
)]
, (2.5)
with some numerical coefficients Sa and Sk. Instead of βa, here we have used
β′a =
(
1−
g2aN
8π2
)
βa = µ
d
dµ
1
g′2a
, (2.6)
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which is the β-function for the coupling 1/g
′2
a defined by
d
(
1
g′2a
)
=
(
1−
g2aN
8π2
)
d
(
1
g2a
)
. (2.7)
These linear combinations of β-functions correspond to RG invariant couplings
parameterizing the orbits of RG flow in the coupling space. We can assume, at least
in the vicinity of the IR fixed manifold, a one-to-one correspondence between these
orbits and points in the fixed manifold. Thus, in order to determine what marginal
deformations exist in gauge theories, we should look for vanishing linear combinations
of the form (2.5). This analysis was carried out in Ref. 25) for orbifolded conifolds,
and in Ref. 26) for Y p,q, including the conifold. In this work, we generalize these
analyses to general quiver gauge theories described by brane tilings (cf. Ref. 27) for
analysis from the point of view of exceptional collections). See also Refs. 28) and
29).
We now search for coefficients SA such that the linear combination of β in (2.5)
vanishes for any γI . For the cancellation of the coefficients of γI , the condition∑
a∈I
Sa =
∑
k∈I
Sk, (2.8)
must hold, where the summation on the left-hand side is taken over gauge groups
coupling to the chiral field I, and that on the right-hand side is taken over terms in the
superpotential including the fields I. On the brane tiling, chiral fields correspond
to the intersections of cycles, and Sa and Sk are numbers assigned to the (N, 0)
and (N,±1) faces, respectively. For each intersection, we have two pairs of faces
contacting each other at the intersection, and the relation (2.8) implies that the sum
of SA for the two faces in one pair is the same as that for the two faces in the other
pair. This condition is equivalent to the existence of numbers bµ assigned to cycles
which satisfy the relation
SA − SB = bµ (2.9)
for two faces A and B adjacent to each other on a cycle αµ. In (2.9), we assume that
when the cycle αµ is up-going, the faces A and B are on the left and right sides of
the cycle, respectively. We call sets of numbers {SA, bµ} satisfying the relation (2.9)
“baryonic number assignments” or “baryonic charges”. We can easily show that the
quantities bµ must satisfy the relation
d∑
µ=1
bµαµ = 0 (2.10)
in order for there to exist SA satisfying the relation (2.9). Because of this relation,
the number of independent degrees of freedom of bµ is d − 2. If we fix all the bµ
and one SA, the relation (2.9) determines all the other SA. Therefore, we have d− 1
linearly independent baryonic number assignments.
The baryonic number assignments defined above often appear in the analysis of
brane tilings. For example, they can be used to give anomaly-free rank distributions
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(a) Baryonic charges and angles (b) The charges of faces moved to the in-
tersection
Fig. 2. Changing the charge distribution of faces to cancel the charges of the intersection.
of gauge groups.9), 30) In this paper, we assume that all SU(N) factors in the gauge
group have the same rank, and in this case the gauge anomalies trivially cancel. If we
change the ranks of the gauge groups, however, in general gauge anomalies arise. It
is known that such gauge anomalies cancel if we use the baryonic charge Sa assigned
to a face a as the size of the gauge group Na for the corresponding SU factor. (Of
course, Sa must be a positive integer in this case.) Another use of baryonic number
assignments is to give anomaly-free baryonic U(1) charges of chiral multiplets.9), 30)
We can identify Sa assigned to (N, 0) faces as baryonic U(1) charges of open string
endpoints on the faces,22) and the baryonic U(1) charge of a chiral multiplet I is
given by the difference Sa − Sb, where a and b are two (N, 0) faces contacting each
other at the intersection I. This is why we call sets of numbers {SA, bµ} baryonic
number assignments.
Now we obtain the condition (2.9) for the cancellation of the γI terms in (2.5),
and if this condition is satisfied, we are left with
β[SA] = 3
∑
faces
SA − 3
∑
intersections
S¯I , (2.11)
where we have replaced the sum over both indices a and k by a sum over all faces in
the brane tilings, and the matter contribution is given by the sum over intersections.
We have also introduced S¯I , defined as half of (2.8):
S¯I =
1
2
∑
a∈I
Sa =
1
2
∑
k∈I
Sk. (2.12)
Interestingly, we can show that if the coefficients SA satisfy the condition (2.9),
the right-hand side of (2.11) automatically vanishes, as well as the γI -dependent
terms. To prove this, we move a fraction of the total baryonic charge on a given
face equal to the external angle of that face divided by 2π to the corners of that
face. For example, of the charge S2 in Fig. 2, the amount [(π− θ)/2π]S2 is moved to
the corner θ. The sum of the baryonic charges moved to the corners of one face is
the original baryonic charge of the face, because the sum of the external angles of a
polygon is identically 2π. The sum of the baryonic charges of the corner around one
intersection point is the mean value of the baryonic charges of the faces surrounding
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that point. In the case of Fig. 2, the sum is
θ
2π
S1 +
π − θ
2π
S2 +
θ
2π
S3 +
π − θ
2π
S4 =
θ
2π
(S1 + S3) +
π − θ
2π
(S2 + S4)
=
θ
2π
(S1 + S3) +
π − θ
2π
(S1 + S3)
= S¯I .
(2.13)
Hence
∑
SA =
∑
S¯I holds, and (2.11) is zero.
Thus we have d−1 vanishing linear combinations of β functions, and this implies
that there are d− 1 RG invariant parameters
f (I) =
∑
a
S(I)a
1
Ng′2a
−
∑
k
S
(I)
k log hk, (2
.14)
where I = 1, . . . , d − 1 labels linearly independent baryonic number assignments.
The coupling g′a is obtained as follows by integrating (2.7):
1
g
′2
a
=
1
g2a
−
N
8π2
log
(
1
g2a
)
. (2.15)
We now comment on two special number assignments. The first one is
S
(1)
A = 1 ∀A, b
(1)
µ = 0 ∀µ. (2.16)
This gives the RG invariant coupling
f (1) =
∑
a
1
Ng′2a
−
∑
k
log hk. (2.17)
Roughly speaking, this is related to the gauge coupling gdiag of the diagonal SU(N)
subgroup by f (1) ∼ 1/(Ng2diag). The second one is
S
(2)
A = Q for (N,Q) face A, b
(2)
µ = 1 ∀µ, (2.18)
which gives the RG invariant parameter
f (2) =
∑
k
± log hk. (2.19)
Because this depends only on the superpotential couplings and does not include
gauge couplings, we can regard this as a generalization of the β deformation.23)
In N = 1 gauge theory, all couplings belong to chiral multiplets and are complex.
The superpotential couplings are complex, and the gauge couplings are also combined
with the θ-angles to form the complex couplings
τa =
θa
2π
+
4πi
g2a
. (2.20)
Thus, we have in total d− 1 complex exactly marginal deformations.
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§3. Brane configurations
In this section, we investigate the moduli parameters of brane configurations
with the help of BPS conditions. The shape of the brane system depends on the
ratio of the tension of D5-branes to that of NS5-branes, which is simply the string
coupling constant gstr. In the construction of gauge theories, we take the decoupling
limit of gravity, which sends gstr to zero. We first study the brane configuration in
this limit in §§3.1, 3.2 and 3.3. Then we determine the number of moduli parameters
of brane systems for general tilings. In some simple cases, we explicitly solve the
BPS conditions and determine the constraints imposed on the coefficients of the
equation defining the NS5-brane worldvolume. It is, however, difficult to solve the
BPS conditions in general cases. This difficulty can be avoided by considering the
opposite limit, gstr →∞, which we discuss in §3.4. In this limit, we can easily solve
the BPS conditions, and we obtain results similar to those in the weak coupling case.
3.1. Holomorphic curves and tilings
In the explanation given in the introduction, we regarded the brane configuration
as a stack of D5-branes with NS5-branes attached. This is appropriate for analysis
in the large gstr limit, in which the D5-brane tension is much greater than the NS5-
brane tension, and the attached NS5-branes deform the D5-branes only very little.
When we consider the weak coupling limit gstr → 0, however, it is more natural to
regard the system as an NS5-brane with D5-branes attached to it. Let Σ be the
NS5-brane worldvolume, or, more precisely, the union of NS5 and (±N, 1)-brane
worldvolumes. In the weak coupling limit, the D5-brane tension becomes negligible
compared to the NS5-brane tension, and the worldvolume Σ becomes a smooth
two-dimensional surface in 4567 space. This surface has no boundaries, except the
punctures at infinity.
For the purpose of describing the surface Σ, we define the complex coordinates
s = x4 + ix5, t = x6 + ix7, (3.1)
and also
x = e2pis, y = e2pit. (3.2)
For simplicity, we assume that the torus is a unit square and the periods of x5 and
x7 are 1. We also assume that the axion field vanishes. It is well known that Σ is
given by
P (x, y) = 0, (3.3)
with the Newton polynomial P (x, y) associated with the toric diagram. Given a
toric diagram D associated with the dual Calabi-Yau geometry, the corresponding
Newton polynomial is defined by
P (x, y) =
∑
(k,l)∈D
ck,lx
kyl. (3.4)
The surface Σ is punctured, and the number of punctures is equal to the number of
edges on the perimeter of D [the number of legs in the (p, q) web of D]. The genus
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of Σ is equal to the number of internal lattice points of D. The shape of Σ depends
on the coefficients ck,l assigned to the points (k, l) in the diagram. We can easily
show that an NS5-brane wrapped on the holomorphic curve (3.3) preserves N = 2
supersymmetry.
In the weak coupling limit, the brane tilings constructed on a flat tori should
not be identified with the real shapes of worldvolume of branes. Rather we should
regard them as “projections” of the NS5-brane worldvolumes Σ onto the torus.
These projections are termed algae∗) in Ref. 5), and their “tropical-like” reduction
gives a brane tiling. The projected shape of the NS5-brane onto the D5-brane can
be reproduced from bipartite graphs by the method of Ref. 4). For our purpose, it is
convenient to define a function Q(x5, x7) on the torus as follows. Let Π(x5, x7) be the
two-dimensional plane along the 46 directions with fixed x5 and x7 coordinates in the
4567 space. In a four-dimensional space, two two-dimensional surfaces generically
intersect at isolated points, and we can thus define the intersection number of them.
We define the function Q(x5, x7) as the intersection number of the holomorphic
curve Σ and the plane Π(x5, x7). By definition, this function takes integer values at
generic points and jumps by one along cycles which are defined as the projections
of boundaries (punctures) of Σ at infinity. We can use the function Q(x5, x7) to
describe the asymptotic structure of the surface Σ. If the function Q(x5, x7) takes
only the values 0 and ±1, we can construct the corresponding bipartite graph in the
manner mentioned in the introduction. But, in general, Q(x5, x7) may not satisfy this
condition. Because Q(x5, x7) is defined as a projection, the condition |Q(x5, x7)| ≥ 2
does not imply the emergence of (N, k)-branes with |k| ≥ 2. In the weak coupling
limit, the worldvolume of an NS5-brane is a holomorphic curve, and such branes
never appear.
To clarify the relation between the structure of the surface Σ and the function
Q(x5, x7), let us focus on the asymptotic form of Σ. Let us label the edges of the
toric diagram by µ = 1, 2, . . . , d as we go around the sides in a counterclockwise
manner. We also define the primitive integral normal vector (mµ, nµ) of the µ-th
edge. For each edge µ, we have an external line with direction (mµ, nµ) in the web-
diagram constructed on the 46 plane. If a side A of a toric diagram consists of nA
edges, we have nA parallel external lines associated with this side. The corresponding
asymptotic parts of Σ are given by
PA(x, y) = 0, (3.5)
where PA(x, y) is the “restriction” of the Newton polynomial to the side A defined
by
PA(x, y) =
∑
(k,l)∈A
ck,lx
kyl. (3.6)
Here, the summation is taken over only the points on the side A. Thus, the param-
eters responsible for the asymptotic behavior of Σ are those assigned to the points
on the perimeter of the toric diagram. These variables are actually redundant. For
∗) Actually, some people, including Passare and Tsikh, previously considered this object and
called it “coamoeba”
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example, we can use the freedom of rescaling x and y to eliminate two parameters.
Moreover, one coefficient can be eliminated through an overall rescaling of P (x, y).
Thus, we have d− 3 complex parameters associated with the asymptotic form of Σ.
Instead of the coefficients in the Newton polynomial, it is more convenient to
introduce another set of variables which is directly related to the asymptotic structure
of the surface Σ. The surface Σ has d punctures corresponding to each external line
in the web-diagram. The asymptotic form of Σ around the puncture µ is a cylinder.
Its projection onto the 4-6 plane gives an external line of the web-diagram, and its
projection onto the 5-7 plane gives a cycle αµ in the torus. We define the parameters
Mµ and ζµ, representing the positions of the lines and the cycles, respectively, by
Mµ = lim
→µ
(nµx
4 −mµx
6), ζµ = lim
→µ
(
nµx
5 −mµx
7 +
1
2
)
, (3.7)
or equivalently,
− e2pi(Mµ+iζµ) = lim
→µ
xnµy−mµ . (3.8)
These are defined as the limits in which we approach the puncture µ in the curve
Σ. At this point, only the fractional part of ζµ is defined, because the x
5 and x7
coordinates are periodic. The parameter Mµ determines the position in the 4-6-
plane of the external line of the web-diagram corresponding to a puncture µ. This
is also regarded as the ‘moment’ generated by the tension of the µ-th external line.
The parameter ζµ determines the position of the cycle αµ in the torus. We have a
set of 2d real parameters {Mµ, ζµ}. These parameters must be related to the d− 3
complex parameters in the Newton polynomial P (x, y) associated with the perimeter
of the toric diagram. Due to the translational symmetry, only 2d − 4 parameters in
{Mµ, ζµ} are relevant to the shape of the surface Σ. We still have two more real
parameters in {Mµ, ζµ}.
The discrepancy described above is resolved if we take account of constraints
imposed on {Mµ, ζµ}. As mentioned above, Mµ can be regarded as the moments
acting on the brane system. Because the brane configurations we are considering
here are BPS and stable, the total moment must vanishes:
d∑
µ=1
Mµ = 0. (3.9)
This can be directly proved as follows. Because Σ is holomorphic, the pull-back of
the (2, 0)-form ds ∧ dt onto Σ vanishes:
ds ∧ dt|Σ = 0. (3.10)
We can decompose this into the following two equations:
(dx4 ∧ dx7 − dx6 ∧ dx5)|Σ = 0, (3.11)
(dx4 ∧ dx6 − dx5 ∧ dx7)|Σ = 0. (3.12)
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With Stokes’ theorem, we can rewrite the integration of (3.11) over Σ as
0 =
∫
Σ
(dx4∧dx7−dx6∧dx5) =
∫
∂Σ
(x4dx7−x6dx5) =
d∑
µ=1
lim
→µ
(nµx
4−mµx
6), (3.13)
and this is identical to the relation (3.9). In the final step of (3.13), we have used the
fact that the boundary of the surface Σ is the union of cycles αµ, and the integral
of (dx5, dx7) over a cycle αµ gives the integral vector (mµ, nµ).
We also obtain a similar constraint on the parameters ζµ. Using the relation
(3.12), we can show∫
T2
dx5dx7Q(x5, x7) =
∫
Σ
dx5 ∧ dx7 =
∫
Σ
dx4 ∧ dx6 =
∫
∂Σ
x4dx6 = 0. (3.14)
In other words, the average of the function Q(x5, x7) on the torus vanishes. In the
final step, we have used the fact that the punctures of Σ are points in the x4-x6
plane, and the integral vanishes. Because the function Q(x5, x7) is defined as a step
function that is discontinuous along the cycles αµ, whose positions are determined
by the parameters ζµ, (3.14) imposes one constraint on the parameters ζµ.
As mentioned above, the functionQ(x5, x7) is a step function which jumps by one
along the cycles αµ. We can decompose this function into step functions qµ(x
5, x7)
associated with each cycle αµ;
Q(x5, x7) =
d∑
µ=1
qµ(x
5, x7). (3.15)
The function qµ(x
5, x7) jumps by one on the cycle αµ, whose position on the torus
is specified by the parameter ζµ. The explicit form of the function qµ(x
5, x7) is
qµ(x
5, x7) = [[−nµx
5 +mµx
7 + ζµ]], (3.16)
where [[· · · ]] is defined by
− 1/2 ≤ [[x]] − x ≤ 1/2, [[x]] ∈ Z, (3.17)
for a real variable x. The function qµ(x
5, x7) is not periodic but satisfies
qµ(x
5 + p, x7 + q) = qµ(x
5, x7) + qmµ − pnµ, (3.18)
for an arbitrary integral vector (p, q). Note that the definition of qµ(x
5, x7) depends
on not only the fractional part of ζµ but also on its integral part. In Eq. (3.7) we
defined only the fractional part of the parameters ζµ. Let us define the parameter
ζµ including the integral part by
ζµ =
∫
F0
qµ(x
5, x7)dx5dx7, (3.19)
where F0 is the specific fundamental region F0 = {(x
5, x7)| − 1/2 ≤ x5, x7 ≤ 1/2}.
We can easily check that this definition gives the same fractional part as the previous
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definition (3.7) of the parameters. The integral parts of ζµ defined in this way
contribute to the function Q(x5, x7) through (3.15).
Now we can rewrite the constraint (3.14) imposed on the function Q(x5, x7) in
terms of the parameters ζµ. Substituting the relation (3.15) into (3.14), and using
(3.19), we obtain
d∑
µ=1
ζµ = 0, (3.20)
and this decreases the number of independent parameters by one. As a result, we
have d− 3 physical degrees of freedom associated with the parameters ζµ.
The curve is specified by the parameters Mµ and ζµ and the coefficients ck,l for
the internal points of the toric diagram. In the next section, we show that the BPS
conditions of the D5-branes fix some of them and leave d− 3 parameters unfixed. In
§3.3 we explicitly show in simple examples that the free parameters are ζµ, subject
to the constraint (3.14).
3.2. BPS conditions
To this point, we have considered only the NS5-brane in a system. To realize
the gauge theory, we need to introduce D5-branes, and these, in fact, impose extra
constraints on the parameters of the surface Σ.
As we mentioned above, an NS5-brane wrapped on Σ preserves the N = 2
supersymmetry. Let ǫ1 and ǫ2 be the parameters of two supersymmetries. If we
introduce D5-branes into this system, each of them breaks the supersymmetry down
to N = 1, which is specified by ǫ2 = (Z/|Z|)ǫ1, where Z is the central charge of the
D5-brane, given by
Z =
∫
D5
ds ∧ dt =
∮
∂D5
log x
dy
y
. (3.21)
Note that the topology of each D5-brane is a disk, and its boundary ∂D5 is a one
cycle on the NS5-brane Σ.
In the context of the mirror Calabi-Yau geometry, this integral is simply the
period. By taking the T-duality along one of the directions transverse to the brane
system, say the x8 direction, the NS5-brane is mapped to the Calabi-Yau P (x, y) =
uv, where u, v ∈ C, and we have a new S1-fiber from T-duality. For the Calabi-Yau
manifold, we have a holomorphic 3-cycle Ω. In our coordinates, Ω can be written as
Ω =
dx
x
∧
dy
y
∧
du
u
. (3.22)
We can trivially integrate this Ω along the uv-fiber direction, and we are left with∫
D6
Ω =
∫
D6
dx
x
∧
dy
y
∧
du
u
∝
∫
D5
dx
x
∧
dy
y
=
∮
∂D5
log(x)
dy
y
. (3.23)
This is the central charge in (3.21).∗)
∗) The argument that the period reduces to the integral of a differential on 1-cycle of torus
appeared long ago in Ref. 31), although in a slightly different context.
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As we see below, for complicated examples, it is difficult to directly analyze the
shape of the parameter space. It is still possible, however, to count the number of
dimensions of that space. Let us define the following quantities: d is the number of
lattice points on the boundary of a toric diagram; I is the number of lattice points
inside a toric diagram; and S is the area of a toric diagram. Since we have one
complex coefficient for each term of a Newton polynomial, i.e., for each lattice point
of a toric diagram, we have I + d complex parameters. These variables are actually
redundant. For example, we can use the freedom of rescaling x and y to eliminate
two parameters. Moreover, one coefficient can be eliminated through the overall
rescaling of P (x, y). Thus we have I + d − 3 complex parameters, or 2(I + d − 3)
real parameters.
Let ng be the number of SU(N) gauge groups. For the brane system to be
BPS, all the central charges Zi (i = 1, . . . , ng) of the D5-branes must have the same
argument:
argZ1 = argZ2 = · · · = argZng . (3.24)
Since the number of D5-branes is twice the area of the toric diagram, we have 2S−1
conditions. Thus we compute
2(I + d− 3)− (2S − 1) = d− 3, (3.25)
where we have used Pick’s theorem,
S = I +
d
2
− 1. (3.26)
In order to use (3.21) to compute the central charges Zi of the D5-branes, we
need to know the homotopy classes of the D5-boundaries on the surface Σ. There is
a simple method, a so-called untwisting,5) to obtain them.
Because the untwisting is a topological operation, we do not have to consider the
real shapes of branes, and we can regard a tiling constructed on a torus as a real brane
system. Before the untwisting, we remove the D5-branes, and we regard the white
faces in Fig. 3(a) as holes. This makes the torus an NS5-brane composed of pieces
connected at the corners. In Fig. 1(a), the pieces of NS5-branes are represented as
shaded faces. Because of the bipartite property of the system, any two shaded faces
contacting each other have opposite NS5 charges. This means that the NS5-brane
changes the orientation at the contact points of faces. In other words, the NS5-brane
is “twisted” at the intersections of cycles.
In order to obtain the surface Σ, we “untwist” the surface by turning the (N,−1)
faces over so that they become (−N, 1) faces, as shown in Fig. 3(b). By shrinking
the holes to punctures, we finally obtain the surface Σ. In the SPP case depicted
in Fig. 3, we obtain a genus 0 surface (i.e. a sphere) with the five punctures corre-
sponding to five cycles in the original tiling.
3.3. Example: generalized conifolds
As simple examples, we determine the parameter spaces of brane configurations
corresponding to generalized conifolds, which include C3, the conifold, SPP, etc., as
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Fig. 3. The untwisting operation of the SPP tiling. The light and dark shaded faces in (a) represent
(N,−1) and (N,+1) faces, respectively. The result of the untwisting is shown in (b). The two
vertical lines on the left and right sides are identified. Through the untwisting, (N,−1) faces
are turned over and become (−N, 1) faces. As a result, all shaded faces in (b) have NS5 charge
+1.
special cases. First, we consider the SPP case, and then, we discuss the generaliza-
tion.
The Newton polynomial for SPP is
P (x, y) = y(x− xα) + (x− xγ)(x− xδ). (3.27)
We have used the rescaling of y and P (x, y) to set the coefficients of xy and x2 terms
to 1. We can also set one of the quantities xα, xγ , and xδ to an arbitrary value
through a rescaling of the variable x. Here we set xα = −1. The surface Σ is a
sphere with five punctures [see Fig. 3(b)]. Let us use x as a holomorphic coordinate
of the Riemann sphere. If we regard x4 and x5 as the latitude and the longitude on
the sphere, we have two punctures, one at the north pole (x = ∞) and one at the
south pole (x = 0), which correspond to the cycles β and ǫ, respectively. The three
other punctures are at x = xα = −1, x = xγ , and x = xδ. The parameters Mµ and
ζµ are given by
e2pi(Mα+iζα) = e2pi(Mβ+iζβ) = 1,
e2pi(Mγ+iζγ) = −
1
xγ
, e2pi(Mδ+iζδ) = −
1
xδ
, e2pi(Mǫ+iζǫ) = xγxδ. (3.28)
We can easily see that the constraints (3.9) and (3.20) actually hold.
By tracing the boundaries of the three (N, 0) faces [the white faces in Fig. 3(a)]
in the untwisting procedure, we obtain three contours on the Riemann sphere (see
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Fig. 4. Three contours obtained from the boundaries of the three (N, 0) faces, ‘1’, ‘2’, and ‘3’, in
Fig. 3(a). The symbols × indicate punctures corresponding to the cycles in the tiling, and the
wavy line between the two punctures β and ǫ represents a branch cut of log x.
Fig. 4). We should evaluate the integral (3.21) along these contours. The function
log x has a cut along a meridian (the wavy line in Fig. 4), and the differential
dy
y
=
dx
x− xγ
+
dx
x− xδ
−
dx
x− xα
(3.29)
has poles at three punctures α, δ, and γ. As shown in Fig. 4, each contour
goes around two of these three punctures, and the integrals along them pick up the
residues of the differential dy/y. We easily obtain
Z1 =
∮
1
log x
dy
y
= 2πi(Log xα − Log xδ), (3.30a)
Z2 =
∮
2
log x
dy
y
= 2πi(Log xγ − Log xα), (3.30b)
Z3 =
∮
3
log x
dy
y
= 2πi(Log xδ − Log xγ + 2πi), (3.30c)
where Log is the principal value of the logarithm defined with the branch cut in
Fig. 4. We have the extra 2πi in the third equation because the contour crosses the
cut. For these central charges to have the same arguments, the three punctures α,
γ and δ must be at the same latitude:
1 = |xα| = |xδ| = |xγ |. (3.31)
(Note that we set xα = −1.) This implies that all the parameters Mµ vanish, and
the unfixed parameters are ζγ and ζδ.
(k,0)
(0,1) (1,1) (l,1)
(0,0) (1,0)
Fig. 5. Toric diagram of a generalized conifold.
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We can easily generalize this analysis to the case of a generalized conifold xkyl =
uv with arbitrary k and l. The toric diagram of a generalized conifold is displayed in
Fig. 5. The toric diagram has k edges on the bottom and l edges on the top, and we
denote the corresponding cycles by αi and βi, respectively. We also have two cycles,
γ and δ, corresponding to the other two edges of the toric diagram. The Newton
polynomial is then
P (x, y) =
k∏
i=1
(x− xαi) + y
l∏
i=1
(x− xβi) = 0, (3.32)
where xαi and xβi are the positions of the punctures αi and βi. We set the coefficients
of xk and yxl terms to 1 by rescaling y and P (x, y). We can also set either xαi or
xβi to an arbitrary value. We here set xα1 = −1. The normal vectors (mµ, nµ) are
given for each cycle by
αi : (0,−1), βi : (0, 1), γ : (−1, 0), δ : (1, k − l). (3.33)
The parameters Mµ and ζµ are given by
e2pi(Mαi+iζαi ) = −
1
xαi
, e2pi(Mβi+iζβi) = −xβi ,
e2pi(Mγ+iζγ) =
∏k
i=1(−xαi)∏l
i=1(−xβi)
, e2pi(Mδ+iζδ) = 1. (3.34)
We use x as a coordinate on the Riemann sphere Σ. The two punctures δ and γ are
at the north (x =∞) and south poles (x = 0), and the function log x has a cut along
a meridian connecting them. The other k + l punctures are poles of the differential
dy
y
=
k∑
i=1
dx
x− xαi
−
l∑
i=1
dx
x− xβi
. (3.35)
The tiling for the generalized conifold has k down-going cycles αi and l up-going
cycles βi. Before performing the untwisting operation, we need to fix the order of
these vertical cycles in the tiling. The choice of the ordering corresponds to the
choice of the toric phase. Let ηi (i = 1, . . . , k + l) be the set of two kinds of cycles
αi (i = 1, . . . , k) and βi (i = 1, . . . , l) ordered as
arg xη1 ≤ arg xη2 ≤ · · · ≤ arg xηk+l . (3.36)
The cycles ηi divide the tiling into k + l strips. Let us focus on the strip between
the cycles ηi and ηi+1. There are four different types of strips, depending on the
orientation of the two sides of the strips (Fig. 6). In any case, the strip includes
one (N, 0) face, and the untwisting operation maps its boundary to a contour on
Σ enclosing two punctures, ηi and ηi+1 (see Fig. 6). We can easily show that the
contour integral is given by
Zi =
∮
ηi
log x
dy
y
=
{
2πi(Log xηi+1 − Log xηi) or
2πi(Log xηi+1 − Log xηi + 2πi),
(3.37)
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Fig. 6. The upper four diagrams depict pieces of tilings of generalized conifolds. The tiling of
the generalized conifold xkyk = uv consists of k + l of them. Each strip has one (N, 0) face.
The dashed lines represent the boundaries of (N, 0) faces. The lower four diagrams depict the
contours obtained through the untwisting operation from the boundaries. Each of them encloses
two punctures (indicated by ×) corresponding to the two sides of the strip.
where the additional term 2πi is included when the contour crosses the branch cut
of log x. For the k + l central charges Zi to satisfy the BPS conditions (3.24), the
following equations must hold:
1 = |xα1 | = |xα2 | = · · · = |xαk | = |xβ1 | = |xβ2 | = · · · = |xβl |. (3
.38)
(Note that we set xα1 = −1.) This relation means that all the parametersMµ vanish.
Therefore, the unfixed parameters are ζαi (i = 2, . . . , k) and ζβi (i = 1, . . . , l), which
describe the positions of the poles αi and βi aligned on the equator. Because we first
fixed the order of these poles, the moduli space is a part of Td−3. Different orders
of the poles on the equator can be interpreted as different toric phases related by
the Seiberg duality. The total moduli space defined as the union of all the phases is
T
d−3.
The moduli space we obtain here is identical to that obtained in the dual D4-NS5
system (the elliptic model) in Ref. 25). The elliptic model is a brane configuration
with D4-branes and NS5-branes in type IIA theory. The brane configuration is given
in Table II. The direction x9 is compactified on S
1, and N D4-branes are wrapped
on this S1. There are two kinds of NS5-branes stretched in different directions,
(x4, x5) and (x6, x7), which we call NS5a- and NS5b-branes, respectively. These NS5-
branes intersect D4-branes at different points on S1 and divide the D4-branes into
segments. All branes stretch along the (x0, x1, x2, x3) directions. An SU(N) gauge
field exists on each segment of D4-branes separated by NS5-branes. There are two bi-
fundamental fields at each intersection of D4-branes and NS5-branes. If a segment
Table II. Brane configuration in the elliptic model. In that model, the 9-direction is compactified.
0 1 2 3 4 5 6 7 8 9
D4 ◦ ◦ ◦ ◦ [◦]
NS5a ◦ ◦ ◦ ◦ ◦ ◦
NS5b ◦ ◦ ◦ ◦ ◦ ◦
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of D4-branes ends on the same kind of NS5-branes, this segment can move along
the direction of these NS5-branes. This is interpreted as an SU(N) adjoint scalar
field. If the numbers of NS5a-branes and NS5b-branes are k and l, respectively, this
gives the gauge theory described by the brane tiling obtained from the toric diagram
displayed in Fig. 5. Actually, we can obtain the generalized conifold using T-duality
in the direction x9.
The moduli parameters of the elliptic model are the x9 coordinates of NS5a-
branes and NS5b-branes, and we can identify them as arg xαi and arg xβi . We can
fix the position of one brane by translation, and the number of degrees of freedom is
k+ l−1 = d−3. The moduli space is Td−3, parametrized by the relative positions of
k+ l points on S1, and this is precisely the same as the moduli space of the D5-NS5
system obtained above.
In the examples we have discussed in this subsection, we have two kinds of pa-
rameters, Mµ and ζµ, and we found that the BPS condition (3.24) for D5-branes
imposes conditions on Mµ, and we are left with d− 3 free parameters among the ζµ.
How can this be generalized to general tilings? In general, we have complex coeffi-
cients for internal points of toric diagrams, in addition to Mµ and ζµ. Considering
the number of parameters and constraints, we conjecture that all these additional
parameters are fixed by the BPS conditions, and the number of free parameters
among the ζµ is still d − 3, as in the example discussed above. Unfortunately, we
have not yet proved this conjecture, but its validity is supported by the analysis in
the strong coupling limit given in the next subsection.
3.4. Strong coupling limit
In this subsection, we determine the parameter spaces of brane configurations
in the large gstr limit. The reason we study this limit even though the relation to
gauge theories is not clear is that the analysis of the parameter space in this case is
quite simple. We can still use the parameters Mµ and ζµ defined in (3.7) to describe
the asymptotic forms of brane configurations, and we find below that all the Mµ are
fixed, and BPS configurations are parametrized by only ζµ with the condition (3.20)
imposed.
In the strong coupling limit, the tension of D5-branes is much greater than that
of NS5-branes, and the D5 worldvolume wrapped on the T2 is almost flat. This
means that the D5 worldvolume is a point in the x4-x6 plane, and all the external
lines (the projection of the NS5-branes onto the 46-plane) of the web diagram meet
at this point. Therefore, we have no degrees of freedom to deform the web diagram.
This implies that Mµ = 0. The parameters of the brane configuration are only
the positions of the NS5-branes in the internal space. In other words, a brane
configuration is completely determined by ζµ, the positions of the cycles in the tiling.
We investigate the constraint imposed on these parameters by requiring that the
brane preserve the supersymmetry.
We define the complex coordinate z = x5+ ix7 to parametrize the worldvolume
of D5-branes. The shape of a brane is described by two real functions f(z) and g(z)
as
x4 = f(z), x6 = g(z). (3.39)
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Because the tension of D5-branes is so large, we can assume that the deformation of
the branes is small, and here we omit higher-order terms of f and g in what follows.
We define the function Q(z) which gives the NS5 charge on the z-plane. This is
nothing but the function given in (3.15). In §3.1, this function is defined as the “pro-
jection” of NS5-branes, while here it represents the NS5 charge of the worldvolume.
When gstr is very large, the BPS condition is given by
ta1t
b
2(iσab) = ϕσz + σx, (3.40)
where σab (a = 4, 5, 6, 7) are the chiral parts of the antisymmetric products of the
gamma matrices γab in 4567 space. [See the appendix for a derivation of (3.40) and
conventions.] Here, ϕ is the angle defined by
ϕ = arg
(
N +
iQ(z)
gstr
)
∼
1
Ngstr
Q(z), (3.41)
and ta1 and t
a
2 are the following tangent vectors of the worldvolume:
ta1 = (∂x5f, 1, ∂x5g, 0), t
a
2 = (∂x7f, 0, ∂x7g, 1). (3.42)
Here we assume that the axion field vanishes. Substituting (3.42) into the BPS
condition (3.40), we obtain
σ57 + (∂x5f)σ47 + (∂x5g)σ67 + (∂x7f)σ54 + (∂x7g)σ56 = ϕσz + σx. (3.43)
Then, using the explicit form of σab given in the appendix and introducing the
complex function F = 2Ngstr(g + if), the above conditions become
∂F
∂z∗
= Ngstrϕ = Q(z). (3.44)
Let us integrate (3.44) over a fundamental region F of the z-plane. The integral
of the left-hand side can be rewritten as a contour integral using Stokes’ theorem:∫
F
∂F
∂z∗
d2z =
∫
F
dz ∧ dF =
∫
∂F
dzF. (3.45)
In the final expression, the contribution of opposite sides of the fundamental region
cancel and (3.45) always vanishes. Therefore, for the existence of a solution of (3.44),
the function Q(z) must satisfy ∫
F
Q(z)d2z = 0. (3.46)
This is the same as (3.14).
In summary, the brane configurations in the strong coupling limit are parametrized
by only the parameters ζµ, with the condition (3.46) imposed. This is identical to the
case of the weak coupling limit. We emphasize that in the analysis in the strong cou-
pling limit we considered general tilings. Although we cannot explicitly determine
the moduli space of general tilings in the weak coupling limit, the result obtained
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here strongly suggests that the moduli space is always parametrized by only the
parameters ζµ, and the other parameters, Mµ and ck,l associated with the internal
points of the toric diagrams are fixed by the BPS conditions.
An important difference between the strong coupling and weak coupling limits is
that the function Q(x5, x7) in the strong coupling limit is not the projection but the
actual NS5 charge. Therefore we have (N, k)-branes with |k| ≥ 2 if |Q(x5, x7)| ≥ 2
at some points on the torus. If such branes appear, we cannot use bipartite graphs
to determine the gauge groups and matter content. In the following, we solve the
condition (3.46) explicitly in two cases, the conifold and the SPP, and we show that
such tilings do appear in the latter example.
First, we consider the conifold. The toric diagram of the conifold and corre-
sponding brane configuration are given in Fig. 7. We can fix the positions of one
horizontal and one vertical cycle by using the translational symmetry, and conse-
quently there are only two physical parameters, x and y, satisfying 0 ≤ x, y ≤ 1,
which represent the separations of parallel cycles. In order for the average charge to
Fig. 7. The tiling of the conifold (a) and the corresponding toric diagram (b).
vanish, we need both positive and negative charges, and the unique charge assign-
ment is given in Fig. 7. Furthermore, (3.46) demands that two shaded faces have the
same area. This is the case only when x = y. Therefore, the parameter space is S1.
Note that this is consistent with our previous analysis in the weak coupling limit.
(The conifold represents the k = l = 1 case of the generalized conifold in §3.3.)
The next example is the SPP, whose toric diagram is given in Fig. 1. This toric
diagram has 5 edges, and thus the number of physical parameters should be 2. The
corresponding tiling has 5 cycles. We fix the positions of the vertical cycle α at
x5 = 0 and the horizontal cycle ǫ at x7 = 0. Let x, y and z be the x5 coordinates of
the intersections of the remaining cycles, β, γ and δ, and the x5 axis, respectively.
We choose x, y and z such that 0 < x, y, z < 1 and y < z. We can classify the
configuration of tilings into three cases (See Fig. 8), according to the order of x,
y and z. By setting the charge on one face in the tiling, the charges on the other
faces are automatically determined. If we assign the charges as in Fig. 8, the BPS
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Fig. 8. Three configurations for the brane tiling of the SPP case.
O
y
z
1
1
4
3
4
1
2
1
2
1
(b0) (c0)
(a1)
(a0)
(c−1)
Fig. 9. Phase diagram for the SPP case. (aq), (bq) and (cq) refer to the configurations (a), (b) and
(c), respectively, with charge q in Fig. 8.
condition (3.46) becomes
0 =
∫
F
Q(z)d2z =
1
2
+ q + x− y − z. (3.47)
Let us take y and z as independent variables. Then, through the condition (3.47),
we can uniquely determine q and x as functions of y and z. The result is depicted
in the “phase diagram” appearing in Fig. 9. The lines dividing the triangle in Fig. 9
represent the transition points at which the parameter x crosses x = y, x = z, and
x = 0 (or, x = 1, which is identified with x = 0). The subscripts of the labels
represent the charges Q. In the region (b0), the tiling has faces with NS5 charges
−1, 0 and 1, while in the regions (aq) and (cq), the tilings have faces with NS5 charge
+2 or −2, in addition to 0 and ±1. Such configurations cannot be translated into
bipartite graphs. Generally, in the large gstr limit, such types of tilings are allowed.
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3.5. Wilson lines
To this point, we have only discussed geometric deformations of the brane config-
urations, and we have obtained d− 1 independent degrees of freedom. These are the
positions ζµ (µ = 1, . . . , d) of d cycles with one constraint imposed, and two of them
are unphysical, due to the translational invariance. Because the brane configurations
preserve N = 1 supersymmetry, all scalar parameters must belong to chiral multi-
plets. This implies that every real parameter is combined with its ‘superpartner’ to
form a complex parameter.
What is the partner of the parameter ζµ? A natural guess is that it is the Wilson
line associated with the cycle αµ. Because each cycle is the projection of the NS5-
brane worldvolume wrapped on a 1-cycle on the torus, we can construct a gauge
invariant quantity by integrating the U(1) gauge field A on the NS5-brane along the
cycle αµ:
Wµ =
∮
αµ
A. (3.48)
Actually, this guess is correct. A direct way to prove this is to perform the supersym-
metry transformation of the fields on the NS5-brane. The scalar, spinor and vector
fields on an NS5-brane form a vector multiplet of N = 4 supersymmetry, and the
supersymmetry transformation for these fields is a combination of the global super-
symmetry in the bulk and the local κ-symmetry on the brane. By determining how
scalar fields enter into the supersymmetry transformation of chiral spinor fields, we
can determine the multiplet structure of the bosonic fields on the brane. Although
such direct analysis is not difficult, to avoid the trouble involved with treating spinors
and gamma matrices, here we adopt another approach, which uses S and T dualities
to transform the brane configuration to other ones, in which the multiplet structure
is clearer.
We have many NS5-branes with different orientations. For concreteness, we
assume that the system consists of D5-branes along 012357, an NS5-brane along
012345, and an NS5-brane along 012367, and we consider the multiplet structure of
the bosonic fields on the NS5-brane along 012345. Let Aµ (µ = 0, . . . , 5) and Ai
(i = 6, 7, 8, 9) be the vector and scalar fields on the NS5-brane, respectively. We
use the same symbol for both vector and scalar fields, because we use T-duality
transformations which mix vector and scalar components.
Let us first focus on the two intersecting NS5-branes along 012345 and 012367.
These two branes preserve N = 2 supersymmetry, and the fields AM (M = 0, . . . , 9)
are divided into a vector multiplet, {A0, A1, A2, A3, A8, A9}, and a hypermultiplet,
{A4, A5, A6, A7}. This grouping is most clearly seen by performing the S and T (4589)
duality transformations. [Note that T (4589) is the T-duality transformation along
the 4589 directions.] The S-duality transforms two NS5-branes into two D5-branes,
and the T-duality makes them space-filling D9-branes and D5-branes along 012389.
After the duality transformation, the Lorentz group SO(1, 9) is broken to SO(1, 5)×
SO(4), and the fields AM are divided correspondingly.
Next, let us consider another pair of branes, the NS5-brane along 012345 and
the D5-brane along 012357. We perform an S-duality transformation, followed by
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T (5). This combination transforms the original NS5 and D5 into D4 along 01234
and NS5 along 012357. This is the configuration used to describe an N = 2 elliptic
model. (Precisely speaking, an extra compactification is needed to obtain the elliptic
model. This has no relation to the N = 1 elliptic models mentioned in §3.3.) If the
D4-brane ends on the NS5-brane, it can move along 5 and 7 directions, and in the
elliptic model, these are identified with the scalar fields in an N = 2 vector multiplet.
This implies that the set {A0, A1, A2, A3, A5, A7} forms a vector multiplet, and the
set {A4, A6, A8, A9} belongs to a hypermultiplet.
We obtained two decompositions for different choices of the N = 2 supersymme-
try. We can obtain the multiplets of unbroken N = 1 supersymmetry as the superpo-
sition of these two decompositions, and we obtain a vector multiplet {A0, A1, A2, A3}
and three chiral multiplets {A4, A6}, {A5, A7}, and {A8, A9}. In particular, we find
that the parameter ζµ ∼ A7 is combined with the Wilson line Wµ ∼ A5, as hypoth-
esized above.
There is one constraint, (3.20), imposed on the parameters ζµ. The multiplet
structure requires that this also be the case for the Wilson lines Wµ. Actually, with
Stokes’ theorem, we can show that
d∑
µ=1
Wµ =
d∑
µ=1
∮
αµ
A =
∫
Σ
dA = 0. (3.49)
In the final step, we have used dA = 0.
We can also show that two of the d − 1 degrees of freedom of the Wilson lines
are redundant. Let us consider gauge transformations of the RR 2-form field in the
bulk. They also change the gauge field on the NS5-brane as
δC2 = dΛ, δA = Λ. (3.50)
If the parameter Λ is a closed 1-form, this transformation changes only A. The
Wilson lines are transformed as
Wµ →W
′
µ =Wµ +
∮
αµ
Λ. (3.51)
We have two independent closed 1-form on the torus, and the gauge transformation
(3.51) decreases the number of physical degrees of freedom by two.
§4. Comparison of parameters
In §2, we analyzed the β-functions of gauge and superpotential couplings, and we
found d − 1 complex marginal deformations. We also found that the corresponding
brane configuration has d − 3 complex degrees of freedom corresponding to chang-
ing the shape and Wilson lines. In this section, we give an argument aimed at
determining the relations among these deformations and degrees of freedom.
To begin, let us consider how the couplings are obtained in string theory. We
first focus on the real parameters. The gauge coupling for each SU(N)a can be read
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off of the Born-Infeld action of D5-branes as
1
Ng
′2
a
=
1
Ng2a
−
1
8π2
log
1
g2a
∼
A′a
4πNgstrα′
−
1
8π2
log
A′a
4πgstrα′
, (4.1)
where A′a is the area of the face a evaluated with the real shape of the D5-brane
worldvolume. Then, each term in the superpotential is induced by the string world-
sheet wrapped on the corresponding (N,±1) face and is roughly given by
− log |hk| ∼ − log
(
g
(n/2)−1
str e
−A′k/(2piα
′)
)
=
A′k
2πα′
+
(n
2
− 1
)
log
1
gstr
, (4.2)
where n is the number of fields included in the interaction term.
Because of the difficulty involved in quantizing strings in the background with
D5- and NS5-branes, we cannot obtain precise relations between the parameters in
gauge theories and those in string theory. The purpose of this section is to derive
only rough relations among them. For this purpose, we focus only on the first terms
in the final expressions in (4.1) and (4.2). Furthermore, we ignore the N and gstr
dependences of these terms, and we simplify the relations as
1
Ng′a
2 ∼ Aa, − log |hk| ∼ Ak. (4
.3)
In these relations, in addition to the simplification mentioned above, we have replaced
the areas A′A, which are evaluated with the real shapes of the D5-brane worldvolumes,
by the areas AA on a flat torus divided by straight cycles. This combination of
simplification results in an approximate treatment that is so rough that we cannot
obtain any quantitative results from the analysis in the following. On the other
hand, these simplifications make the equations below quite simple and clarify the
qualitative relations among the parameters.
Replacing the terms in the RG invariant parameters (2.14) by the corresponding
areas according to (4.3), we obtain
f (I) =
∑
A
S
(I)
A AA =
∫
F
S(I)(x5, x7)dx5dx7, (4.4)
where the function S(I)(x5, x7) is defined so that S(I)(x5, x7) = S
(I)
A on the face
A. The integration region F is an arbitrary fundamental region. Then, using the
parameters bµ in (2.9) and the functions qµ(x
5, x7) defined in (3.16), we obtain the
function S(x5, x7) as
S(I)(x5, x7) =
d∑
µ=1
b(I)µ qµ(x
5, x7) + c, (4.5)
where c is a new parameter determining the constant part of S(I). The periodicity
of S(x5, x7) is guaranteed by the condition (2.10). If we substitute this into (4.4),
we obtain
f (I) =
d∑
µ=1
b(I)µ ζµ + c. (4.6)
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This relation shows how the RG invariant parameters f (I) in the gauge theory are
related to the parameters ζµ and c in the string theory.
Among the parameters ζµ and c in the string theory, we know that ζµ represent
the positions of the cycles µ on the torus and describe the shape of the brane con-
figuration. What is the other parameter, c? We can identify this degree of freedom
with the expectation value of the dilaton field in the following way.
If we substitute the assignment (2.16) into (4.6), we obtain
c = f (1) ∼
1
Ng2diag
. (4.7)
Hence, we find that the parameter c is the diagonal gauge coupling (2.17). Roughly
speaking, it is the gauge coupling of the theory on D5-branes wrapped on the torus
without NS5-branes attached. We can read off the coupling from the action of the
D5-branes, and we find
c =
Atot
α′eφ
. (4.8)
With this equation, we can identify the parameter c with the expectation value of
e−φ. (More precisely, c depends not only on the dilaton but also on the size of T2.)
This correspondence can easily be extended to the correspondence between complex
parameters. The diagonal gauge coupling 1/g2diag is combined with the theta angle
θdiag of the diagonal gauge group, and we can read off the relation θdiag ∼ C57 from
the D5-brane action. We thus obtain the relation
τdiag ∼ ic ∼ C57 +
i
eφ
. (4.9)
We can show that the right-hand side of this relation is actually the scalar component
of one chiral multiplet by checking the transformation law of fermions in type IIB
supergravity.
Now we have d− 1 RG invariant parameters in the gauge theory and d− 2 pa-
rameters in the string theory. There is still one more parameter in the gauge theory,
namely the β-like deformation given by the baryonic charges (2.18). Substituting
(2.18) into (4.6), we obtain
f (2) =
d∑
µ=1
ζµ + c. (4.10)
If the constraint (3.20) is imposed on the parameters ζµ, the first term on the right-
hand side of (4.10) vanishes, and this does not give an independent degree of freedom.
To realize the β-like deformation f (2), we need to relax the constraint imposed on
the parameters ζµ. In other words, the marginal deformation f
(2) corresponds to a
supergravity field which modifies the constraint (3.20). We can easily see that the
axion field C is such a field.
In §3.4, we assumed a vanishing axion field when we obtained the BPS conditions.
If, instead, we consider a non-vanishing axion field, the expression for the angle ϕ in
the BPS condition (3.40) becomes
ϕ ∼
Q(z)
(N +Q(z)C)gstr
, (4.11)
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and we no longer have the simple relation (3.46). This implies that the axion field
modifies the constraint (3.20), and it corresponds to the β-like deformation (4.10).
The correspondence between f (2) and the axion field can be extended to the
correspondence between complex parameters. With the supersymmetry transforma-
tion law of type IIB supergravity, we can show that the partner of the axion field
is B57. The non-vanishing expectation value of this component of B2 contributes to
the phase of the coupling hk as hk ∼ e
−(C+iB57) through the coupling of B2 and the
string world sheet, and we obtain the correspondence
f (2) ∼ C + iB57. (4.12)
Having obtained the relations between background supergravity fields and the
two marginal deformations f (1) and f (2), the d− 3 other marginal deformations f (I)
(I = 3, . . . , d−1) are naturally matched with the parameters ζµ+ iMµ. If we change
the parameter ζµ, the cycle µ moves on the torus, and the areas of the faces touching
the cycle change. This changes the corresponding coupling constants. If we change
the Wilson line Wµ, the θ-angles associated with the (N, 0) faces touching the cycle
are changed by the interaction term in the brane action∫
junctions
A(NS5) ∧ F (D5) ∧ F (D5). (4.13)
Summarizing, the relations between exactly marginal deformations in the gauge
theory and the degrees of freedom in the brane tiling are given by the following:
diagonal gauge coupling↔ C57 + ie
−φ, (4.14a)
β-like deformation↔ C + iB57, (4.14b)
other d− 3 deformations↔ ζµ + iWµ. (4.14c)
We should note that there may be a mixing among these parameters that cannot be
captured with the rough analysis given above.
§5. Conclusions and discussion
In this paper we have clarified the relation between the exactly marginal defor-
mations of N = 1 superconformal quiver gauge theories and the supersymmetry-
preserving deformations of the corresponding brane tilings.
First, by analyzing β-functions for gauge couplings and superpotential couplings,
we showed that there are generically d − 1 exactly marginal deformations, where d
is the perimeter of the toric diagram (or the number of legs of the web diagram),
and have explicitly written down the vanishing linear combinations of β-functions.
We described a simple method to obtain the coefficients of the linear combinations
by using the brane tilings.
Next, we treated the brane tiling as a physical intersecting brane system and
showed that in both the cases of large gstr and small gstr there are d − 3 degrees
of freedom of the deformations of the brane tiling which preserve supersymmetry.
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In the weak coupling limit, these degrees of freedom correspond to changes of the
coefficients of the Newton polynomial that specifies the holomorphic cycle NS5-
brane wraps, whereas in the strong string coupling limit, these degrees of freedom
correspond to the positions of the cycles, that is NS5-branes.
We then combined our results and determined the correspondence between the
marginal deformations in the gauge theory and the degrees of freedom of the brane
tilings. Among the d− 1 degrees of freedom in the gauge theory, two parameters are
identified with background supergravity fields. One is the “(complexified) diagonal
gauge coupling,” identified with the dilaton field and the RR two-form field through
(4.14a), and the other is the “β-like deformation,” identified with the axion field and
the NS-NS two-form field through (4.14b). The remaining d− 3 deformations of the
gauge theory are identified with d− 3 degrees of freedom of the brane configuration,
using the BPS conditions.
There are many open questions which require further investigations. These are
discussed in the following.
First, we found that in the large string coupling limit there exist BPS brane
configurations which have faces on which the NS5 charge is greater than 1 or less
than −1. Such brane configurations cannot be transformed to bipartite graphs.
When we consider the duality between quiver gauge theories and brane tilings, we
usually take the weak coupling limit, and we therfore do not encounter such extra
kinds of faces. However, it may be interesting to investigate the gauge theories
realized on the brane configuration in the strong coupling limit as an independent
problem.
Second, in this paper, we studied only gauge theories with gauge groups of the
same rank. In the infrared limit, it is believed that such gauge theories flow into
superconformal fixed points. We can also realize non-conformal gauge theories with
gauge groups of different ranks by replacing the NS5-branes attached to D5-branes in
the configurations studied in this paper with (k, 1)-branes.21) It would be interesting
to consider how we can reproduce the coupling running and the duality cascade by
using brane configurations. In elliptic models, which are T-dual to brane tilings, the
coupling running is realized as bends of NS5-branes due to the tension of D4-branes
stretched among them. A similar mechanism may exist in the case of brane tilings.
Furthermore, in §4, we have given only a rough estimation of parameters, and
it is desirable to obtain a more complete understanding of the relation between the
parameters of gauge theories and those of brane configurations.
Finally, brane-tiling-like descriptions for three-dimensional N = 2 superconfor-
mal gauge theories on M2-branes probing singular Calabi-Yau 4-folds have recently
been proposed.11) Although we have a much less complete understanding of theories
on M2-branes, it would be interesting to extend our analysis to that case.
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Appendix A
BPS Condition and the Central Charge
In this appendix, we derive the BPS condition for the (p, q)-brane as the SL(2,Z)
transformation of that for D5-branes.
The scalar field VI (I = 1, 2) in type IIB supergravity takes values in the coset
space SL(2,R)/U(1). This is transformed under the global SL(2,R) and the local
U(1) symmetry operations as
VI → V
′
I = e
iαVJM
J
I , (A.1)
whereMJ I is an SL(2,R) matrix. The following normalization condition is imposed
on VI :
Im(V ∗1 V2) = 1. (A.2)
Due to this condition and the U(1) gauge symmetry, VI has two real physical com-
ponents, which are often referred to as the dilaton φ and the axion C. The U(1)
invariant physical degree of freedom is
τ ≡ C +
i
eφ
=
V2
V1
. (A.3)
We fix the U(1) gauge by the condition
V1 ∈ R+. (A.4)
The SUSY condition for a D5-brane is
Γ 012345ǫi = (σx)ijǫj, (A.5)
where we have assumed that the D5-brane spreads along 012345. For a D5-brane with
a different direction, we need to replace Γ 012345 by the appropriate gamma matrix.
The parameters ǫi (i = 1, 2) are those of the supersymmetry transformations. They
are Majorana-Weyl spinors satisfying
Γ 11ǫi = ǫi. (A.6)
The U(1) charges of ǫi are ±1/2, and the spinors ǫi are transformed under the
transformation (A.1) as
(ǫ1 ǫ2)→ (ǫ
′
1 ǫ
′
2) = (ǫ1 ǫ2)
(
cos(α/2) sin(α/2)
− sin(α/2) cos(α/2)
)
. (A.7)
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In string theory, the SL(2,R) symmetry of supergravity is broken to its subgroup
SL(2,Z) due to the quantization of the brane charges. The SL(2,Z) transformation
of the 5-brane charges QI is given by
QI → Q
′I =M IJQ
J . (A.8)
The SUSY condition for the (p, q)-branes can be obtained as the SL(2,Z) trans-
formation of that of D5-branes (A.5). A D5-brane is transformed to a (p, q)-brane
by the SL(2,Z) transformation
M IJ =
(
p r
q s
)
, ps− qr = 1. (A.9)
We also need to perform the local U(1) transformation eiϕ, with
ϕ = arg(p + qτ), (A.10)
in order to maintain the gauge (A.4). This U(1) transformation rotates the SUSY
transformation parameters ǫi, and this transformation changes the SUSY condition
(A.5) into
Γ 012345ǫi = ǫj(sinϕσz + cosϕσx)ji. (A.11)
This is the BPS condition for (p, q)-branes spread along 012345.
In this paper, we consider 5-branes spread along 0123 and wrapped on a two-
dimensional surface in 4567 space. To facilitate the study of such configurations, we
decompose the gamma matrices as
Γ µ = γµ ⊗ 14 ⊗ 12, (A.12a)
Γ a = γ5 ⊗ γa ⊗ 12, (A.12b)
Γ 8 = γ5 ⊗ γ5 ⊗ σx, (A.12c)
Γ 9 = γ5 ⊗ γ5 ⊗ σy, (A.12d)
Γ 11 = γ5 ⊗ γ5 ⊗ σz, (A.12e)
where γµ and γa are gamma matrices in the 0123 and 4567 spaces, respectively.
Correspondingly, the SUSY parameter ǫi for each i can be decomposed into four
four-dimensional Weyl spinors of positive chirality and their complex (Majorana)
conjugates. Let ǫAi be the Weyl spinors of positive chirality, where A = 1, 2, 3, 4 is
the Dirac spinor index in the 4567 space. The quantity ǫAi for each A and i is a
chiral spinor in 0123 space. With this decomposition of the gamma matrices and
spinors, the SUSY condition (A.11) becomes
i
2
Sab(γab)
A
Bǫ
B
i = ǫ
A
j(sinϕσz + cosϕσx)ji. (A.13)
Here, we have introduced the anti-symmetric tensor Sab specifying the tangent space
of the 5-brane worldvolume in 4567 space, which is defined by
Sab =
∫
T
dxa ∧ dxb, (A.14)
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where T is a tangent plane of unit area. For the gamma matrices γab in the 4567
space, we use the following convention:
iγ45 =
(
σz
σz
)
, iγ76 =
(
σz
−σz
)
,
iγ46 =
(
σx
σx
)
, iγ57 =
(
σx
−σx
)
,
iγ47 =
(
σy
σy
)
, iγ65 =
(
σy
−σy
)
. (A.15)
In this paper, we are interested in brane configurations which preserve specific
supersymmetries. These supersymmetries are the unbroken supersymmetries in the
system consisting of NS5-branes along the 45 and 67 directions and D5-branes along
the 57 directions. For simplicity, we assume a vanishing axion field. This implies that
ϕ = π/2 for NS5-branes. (For D5-branes the angle is always ϕ = 0, by definition.)
The two kinds of NS5-branes give
i(γ45)ABǫ
B
i = i(γ
67)ABǫ
B
i = ǫ
A
j(σz)ji. (A.16)
Using the explicit expressions for the gamma matrices, we can easily show from
(A.16) that the bottom two rows of the 4×2 matrix ǫAi vanish. Let ǫU be the upper
half of the matrix ǫAi. Then, we can rewrite (A.16) as
σzǫU = ǫUσZ , (A.17)
and this implies that the 2 × 2 matrix ǫU is diagonal. Therefore, there are two
independent Weyl spinors in ǫU . These are the parameters of the four-dimensional
N = 2 supersymmetry preserved by the NS5-branes.
The SUSY condition for the D5-branes is
i
2
SabD5(σab)
A
Bǫ
B
i = ǫ
A
j(σx)ji, (A.18)
where σab is the positive chirality part of γab. For this condition not to break all
the supersymmetries and to preserve N = 1 supersymmetry, the matrix SD5 =
(1/2)SabD5σab must be skew-diagonal. In other words, the two diagonal components
of SD5 must vanish. If this condition is satisfied, the matrices S take the form
S =
(
0 Z
Z∗ 0
)
. (A.19)
Here, the component Z satisfies |Z| = 1, and its phase determines the unbroken
supersymmetry as
ǫ22 = Zǫ
1
1. (A.20)
The parameter Z, which depends on the direction of the D5-brane, is merely (the
density of) the central charge in the N = 2 superalgebra, which is carried by the D5-
branes. This can be shown by noting that the commutator of local supersymmetry
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transformations generates a gauge transformation of the RR 6-form potential field,
which couples to D5-branes:
δ(ǫ)δ(ǫ′)C6 − δ(ǫ
′)δ(ǫ)C6 = dΛ5 + · · · , Λ5 =
1
4eφ
(σx)ij(ǫiΓ[5]ǫ
′
j). (A.21)
Here, Γ[5] is the matrix-valued five-form defined by (1/5!)ΓM1 ···M5dx
M ∧ · · · ∧ dxM5 .
The blobs in (A.21) represent the field dependent terms induced by the diffeomor-
phism which emerges in the commutator. We can read off the central charge of the
D5-brane by comparing (A.21) and the relation∫
Λ5 =
1
2
Re
(
V Z(ǫ11ǫ
2
2)
)
+ · · · , (A.22)
where the integral on the left-hand side is taken over a time slice of the world volume
of the D5-brane. We factor out the divergent volume factor V on the right-hand side,
and Z is the central charge of branes occupying a unit volume in 123 space. Using
explicit forms of the γ matrices, we can show that the central charge is the component
Z in the matrix (A.19).
The SUSY condition for the D5-branes along the 57 directions is
i(γ57)ABǫ
B
i = ǫ
A
j(σx)ji. (A.23)
The conditions (A.16) and (A.23) imply that this 2×2 matrix ǫU commutes with σz
and σx, respectively, and therefore ǫU is proportional to the unit matrix. Explicitly,
the matrix ǫ is given by
ǫAi =


ǫ 0
0 ǫ
0 0
0 0

 . (A.24)
The four-dimensional Weyl spinor ǫ in (A.24) is the parameter of unbroken N = 1
SUSY.
We are interested in brane configurations which do not break the N = 1 SUSY.
By substituting (A.24) into (A.13), we obtain
ta1t
b
2(iσ
ab) = sinϕσz + cosϕσx. (A.25)
This equation reduces to (3.40) when ϕ is small.
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